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TWISTED REPRESENTATION RINGS AND DIRAC INDUCTION
GREGORY D. LANDWEBER
Abstract. Extending ideas of twisted equivariant K-theory, we construct twisted versions of the
representation rings for Lie superalgebras and Lie supergroups, built from projective Z2-graded
representations with a given cocycle. We then investigate the pullback and pushforward maps on
these representation rings (and their completions) associated to homomorphisms of Lie superalge-
bras and Lie supergroups. As an application, we consider the Lie supergroup Π(T ∗G), obtained
by taking the cotangent bundle of a compact Lie group and reversing the parity of its fibers. An
inclusion H →֒ G induces a homomorphism from the twisted representation ring of Π(T ∗H) to
the twisted representation ring of Π(T ∗G), which pulls back via an algebraic version of the Thom
isomorphism to give an additive homomorphism from KH(pt) to KG(pt) (possibly with twistings).
We then show that this homomorphism is in fact Dirac induction, which takes an H-module U to
the G-equivariant index of the Dirac operator 6∂ ⊗ U on the homogeneous space G/H with values
in the homogeneous bundle induced by U .
1. Introduction
Given a compact Lie group G or a finite dimensional, reductive Lie algebra g, the equivariant
K-theory KG(pt) or Kg(pt) is the Grothendieck ring of isomorphism classes of finite dimensional
complex representations of G or g respectively (see [3], [28]). Here we extend this to the supersym-
metric or Z2-graded setting, constructing representation rings for Lie supergroups and Lie superal-
gebras. We build our Grothendieck groups from supermodules, or Z2-graded representations, and
in doing so we obtain an involution Π on the isomorphism classes of supermodules, called “parity
reversal”, which interchanges the two homogeneous Z2-degree components. One natural way to
extend the representation ring of a compact Lie group or Lie algebra is to define super representa-
tion rings SR(g) and SR(G) in which we impose the relation [ΠV ] = −[V ] for supermodules V .1
Furthermore, in analogy to complex K-theory, we can introduce Clifford-algebraic degree shifts,
extending the super representation rings to Z2-graded rings SR
∗(g) and SR∗(G).
In this paper, we introduce a twisted version of the super representation ring, built from projective
representations with a given cocycle. This is closely related to K-theory with local coefficients
developed by Donovan and Karoubi in [8], and more recently to twisted equivariant K-theory
used by Freed, Hopkins, and Teleman in [11, 12]. The twistings we consider correspond to one-
dimensional central extensions of our Lie superalgebras or Lie supergroups, and so are classified by
elements in the cohomology H2. Given homomorphisms of Lie superalgebras or Lie supergroups,
we construct the corresponding pullback or restriction maps of the (twisted) super representation
rings, showing that SR is a contravariant functor from Lie superalgebras and Lie supergroups to
Z2-graded rings. Furthermore, we also obtain a pushforward or induction map in the spirit of Bott’s
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1Another way is to define representation rings R(g) and R(G) where we identify the classes of V and ΠV . This
convention appears in the superalgebra literature in for example [6]. These two sign conventions yield rings with
similar additive structures but distinct products, as described by the author in [22]. All our definitions and results
in Sections 3 to 7 hold for the representation rings R(g) and R(G), but the theorems of Sections 8 and 9 do not.
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paper [5], which is an additive group homomorphism acting on the completions ŜR of the super
representation rings with respect to a natural bilinear pairing on SR.
We apply this material to the case where G is a compact (connected) Lie group with Lie subgroup
H. If we reverse the parity of the fibers of the cotangent bundles, we obtain Lie supergroups Π(T ∗G)
and Π(T ∗H), whose underlying even Lie groups are G and H, and whose odd part is given by the
coadjoint representations g∗ and h∗ respectively. In Proposition 5, we construct algebraic Thom
isomorphisms between the twisted super representation rings
τGSR∗(G)
∼=−→ bSR∗+dimG(Π(T ∗G)), τHSR∗(H) ∼=−→ bSR∗+dimH(Π(T ∗H)),
where the twisting b corresponds to a choice of Ad-invariant inner product on g, and the twistings
τG and τH correspond to the projective cocycles of the spin representation Sg and Sh of the Clifford
algebras Cl(g) and Cl(h), viewed as projective representations of G and H respectively.
The inclusion i : H →֒ G of the Lie groups, along with the invariant inner product b on g, gives
us an inclusion j : Π(T ∗H) →֒ Π(T ∗G) of the corresponding Lie supergroups. We then consider the
restriction and induction maps associated to the inclusions i and j. These maps do not commute
with the Thom isomorphism, but their failure to commute is quite interesting. For the restriction
map, we show in Theorem 8 that j∗ : bSRdimG
(
Π(T ∗G)
)→ bSRdimH(Π(T ∗H)) pulls back via the
Thom isomorphisms to the map
(1) [V ] ∈ τGKG(pt) 7−→ [i∗V ⊗ S0]− [i∗V ⊗ S1] ∈ τHKH(pt),
where S = S0⊕S1 is the Z2-graded spin representation associated to the orthogonal complement of
h in g, viewed here as a projective representation of H. We observe that this map (1) is precisely
the map considered by Gross, Kostant, Ramond, and Sternberg in [14], which associates to each
irreducible G-module a multiplet of irreducible H-modules, as we recall in Theorem 7.
On the other hand, we show in Theorem 12 that the induction map for the Lie supergroups gives
an additive group homomorphism j∗ :
bSRdimH
(
Π(T ∗H)
)→ bSRdimG(Π(T ∗G)), which pulls back
via the Thom isomorphisms to the Dirac induction map:
(2) U ∈ τH−i∗τGKH(pt) 7−→ IndexG 6∂G/HU ∈ KG(pt).
When the coset space G/H is a Spinc manifold, a projective representation U of H with the
appropriate cocycle gives rise to a Dirac operator
6∂G/HU : Γ
(
G×H (S0 ⊗ U)
)→ Γ(G×H (S1 ⊗ U))
with coefficients in the homogeneous vector bundle G×H U associated to U . This Dirac operator
is elliptic and homogeneous, i.e., it commutes with the G-actions on its domain and codomain, and
so we can use Bott’s formula from [5] (which we recall in Theorem 11) for its G-equivariant index.
This Dirac induction map (2) is closely related to the holomorphic induction map given by the
Borel-Weil-Bott theorem (in fact, it differs only by a ρ-shift, which comes from tensoring with the
canonical complex line bundle for G/H), as we discuss at the end of Section 9. In addition, this
Dirac induction map, when extended to representation rings of positive energy representations over
loop groups, as in [23] and [31], becomes a vital tool for understanding the Freed-Hopkins-Teleman
isomorphism between the Verlinde algebra and the twisted equivariant K-theory τKG(G) in [13].
Our discussion begins with some preliminaries regarding associative superalgebras. We then
introduce the super representation ring in Section 3, reviewing the relevant results from our paper
[22]. Our treatment here differs from that of [22] in several ways. In this paper we consider
only the complex case, which allows us to make some significant simplifications, and we develop
the theory first for the super representation groups of associative superalgebras. In Section 4 we
describe the super representation rings for Lie superalgebras g and Lie groups G by passing to
the universal enveloping algebra U(g) and convolution algebra E(G) of distributions respectively.
For Lie supergroups, we consider supermodules carrying compatible actions of both the underlying
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even Lie groups G0 and associated Lie superalgebras g, by taking supermodules over a quotient of
the semi-direct tensor product of E(G0) and U(g). In Section 5, we introduce twistings, considering
projective representations of groups G and Lie superalgebras g classified by H3(BG;Z) and H2(g)
respectively. Using our description in terms of associative superalgebras, we define twisted universal
enveloping algebras as our basis for constructing the twisted super representation groups. The
remainder of the paper is concerned with proving the Thom isomorphism theorem in both its Lie
algebra and Lie group variants in Section 6, defining the pullback and pushforward homomorphisms
in Section 7, and then measuring carefully their failure to commute in the case of the Lie supergroups
of the form Π(T ∗G) in the final two sections.
2. Associative superalgebras
In this paper we work over the complex numbers unless otherwise noted. A super vector space
is a Z2-graded vector space V = V0 ⊕ V1. Let |v| denote the Z2-degree of a homogeneous element
v ∈ V . A superalgebra is a Z2-graded algebra A = A0 ⊕ A1, which satisfies |ab| = |a| + |b| for
homogeneous elements a, b ∈ A. Two such elements are said to supercommute if ab = (−1)|a||b|ba,
and we call the superalgebra supercommutative if any two of its elements supercommute. In this
section we consider unital associative superalgebras, with identity element in the even component.
If V is a super vector space, then End(V ) is a unital associative superalgebra. The even com-
ponent End(V )0 consists of all maps which preserve the grading on V , and the odd component
End(V )1 consists of all maps which interchange V0 and V1. In general, a homomorphism be-
tween two super vector spaces is called even if it preserves the grading (i.e., is Z2-equivariant), or
odd if it reverses the grading. In this paper, whenever we refer simply to a homomorphism (or
isomorphism, endomorphism, etc.), we mean an even homomorphism unless otherwise noted. A
representation of a unital associative superalgebra A on a super vector space V is an (even) homo-
morphism r : A→ End(V ), and we call V an A-supermodule. We then have |r(a) v| = |a|+ |v| for
homogeneous elements a ∈ A and v ∈ V .
Given two unital associative superalgebras A and B, their graded tensor product A ⊗˜B has for
its underlying vector space A⊗B, and its multiplication is given by
(a1 ⊗˜ b1) (a2 ⊗˜ b2) := (−1)|b1| |a2|(a1a2) ⊗˜ (b1b2),
for homogeneous elements a1, a2 ∈ A and b1, b2 ∈ B. Both A and B inject into their graded tensor
product A ⊗˜B as A ⊗˜1 and 1 ⊗˜B respectively. The elements of A and B then supercommute with
each other in A ⊗˜B. Given an A-supermodule V and a B-supermodule W , their (exterior) tensor
product V ⊗W becomes an A ⊗˜B-supermodule, with action
(a ⊗˜ b)(v ⊗ w) = (−1)|b| |v|a(v)⊗ b(w),
for homogeneous elements a ∈ A, b ∈ B, v ∈ V , w ∈W .
Let Cl(n) and Cl(n) denote the real and complex Clifford algebras respectively, given by n
generators {e1, . . . , en} with relations
e2i = −1 and ei · ej = −ej · ei for i 6= j.
More generally, given a vector space V with a symmetric bilinear form b, we define the Clifford
algebra Cl(V, b) by
(3) Cl(V, b) := T ∗(V )/
(
v · w + w · v = −2 b(v,w) for v,w ∈ V ),
where the tensor algebra T ∗(V ) is the free unital associative algebra generated by V . If the bilinear
form is clear from the context, we write simply Cl(V ). Since T ∗(V ) is Z-graded and the ideal
generated by the Clifford relations is contained entirely in even degrees, the Clifford algebra is a
superalgebra. We refer to Z2-graded representations of Clifford algebras as Clifford supermodules.
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We recall that Cl(p) ⊗˜ Cl(q) ∼= Cl(p + q). So, the tensor product of a Cl(p)-supermodule with a
Cl(q)-supermodule is a Cl(p+ q)-supermodule. In general, we have
Cl(V, bV ) ⊗˜ Cl(W, bW ) ∼= Cl(V ⊕W, bV ⊕ bW )
for vector spaces V and W with symmetric bilinear forms bV and bW respectively, and thus the
tensor product of a Cl(V )-supermodule with a Cl(W )-supermodule is a Cl(V ⊕W )-supermodule.
Schur’s Lemma. Let A be a collection of even and odd operators acting irreducibly on a super
vector space V = V0 ⊕ V1 over an algebraically closed field. The only even A-equivariant endo-
morphisms of V are scalar multiples of the identity, and there are two possibilities for the odd
A-equivariant endomorphisms of V :
Type M: There are no nonzero odd endomorphisms of V .
Type Q: The odd endomorphisms of V are scalar multiples of a parity reversing involution.
Given a super vector space V = V0 ⊕ V1, its parity reversal ΠV has the same underlying vector
space but the opposite Z2-grading. In other words, we have (ΠV )0 = V1 and (ΠV )1 = V0. Parity
reversal allows us to view an odd homomorphism from V to W as an even homomorphism from
V to ΠW or from ΠV to W . In particular, we have End(V )1 ∼= Hom(V,ΠV )0 and End(V )0 ∼=
Hom(V,ΠV )1. So, the odd endomorphisms described in Schur’s Lemma can be viewed as even
homomorphisms from V to its parity reversal ΠV . We can likewise reverse the parity of an A-
supermodule: if V is an A-supermodule, then ΠV carries the same A-action on its underlying
vector space, but has the opposite Z2-grading. As a consequence of Schur’s Lemma, if V is an
irreducible A-supermodule which is isomorphic to its own parity reversal, V ∼= ΠV , then in fact
there exists an even isomorphism α : V → ΠV such that (Πα) ◦ α = Id.
3. Representation rings
Given a unital associative superalgebra A, the (even) isomorphism classes of finite dimensional
A-supermodules form an abelian semi-group, and we can construct its corresponding Grothendieck
group. To define the representation group and the super representation group, we further consider
the action of the parity reversal operator Π.
Definition. Let F (A) be the free abelian group generated by (even) isomorphism classes of finite
dimensional A-supermodules, and let I(A) be the subgroup generated by the classes [U ]− [V ]+[W ]
whenever there exists a short exact sequence
0→ U → V →W → 0.
The super representation group of A is
SR(A) := F (A)/I+(A),
where I+(A) is the subgroup generated by both I(A) and self-dual classes [V ] for supermodules V
isomorphic to their own parity reversals, V ∼= ΠV .2
The parity reversal operator Π descends to the super representation group, with [ΠV ] = −[V ].
If A = A0 is a purely even algebra, then SR(A0) ∼= KA0(pt), where KA0(pt) is the conventional
representation group, the Grothendieck group of isomorphism classes of finite dimensional ungraded
A0-modules. It is instructive to examine this isomorphism more closely. Since A0 has no odd
2Alternatively, the representation group of A, as discussed in [6], uses the opposite sign convention, defining
R(A) := F (A)/I−(A), where I−(A) is generated by both I(A) and anti-dual classes of the form [V ]− [ΠV ].
Over fields for which Schur’s Lemma fails, we define the super representation group more precisely as the quotient
of F (A) by the subgroup generated by I(A) and classes [V ] for V admitting parity reversing involutions. Without
Schur’s Lemma, a supermodule may be isomorphic to its parity reversal but not via an involution, giving rise to a
2-torsion subgroup measuring the failure of Schur’s Lemma. See [22] for further discussion of this general case.
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component, an A0-supermodule is just an (ordered) pair of ungraded A0-modules (V0, V1). The
super representation group is anti-symmetric, with [(V0, V1)] = −[(V1, V0)]. We can view the class
of such a pair in SR(A0) as a formal direct difference, or virtual A0-module:
(4) [(V0, V1)] ∈ SR(A0) 7→ “[V0 ⊖ V1]” = [V0]− [V1] ∈ KA0(pt).
In this regard, the super representation group closely resembles the Grothendieck construction.
We can introduce degree shifts into the super representation group by incorporating Clifford
algebras via graded tensor products:
Definition. The n-times degree-shifted super representation group is:
SR−n(A) := SR
(
A ⊗˜ Cl(n)),
constructed from A-supermodules admitting n supercommuting supersymmetries.
This Clifford-algebraic definition is motivated by [2], where Atiyah, Bott, and Shapiro establish
the connection between Clifford algebras and K-theory, proving for the trivial algebra A = C that
(5) SR−n(C) = SR
(
Cl(n)
) ∼= K˜(Sn) = K−n(pt).
The twofold periodicity of complex Clifford algebras gives rise to a twofold periodicity of the degree-
shifted super representation group by Morita equivalence, as we prove in [22, §6]:
Proposition 1. The super representation groups have twofold periodicity: SR−n(A) ∼= SR−n−2(A).
The two components of the degree-shifted super representation group can be made explicit by
constructing their (almost) canonical bases. Since we are dealing with finite dimensional repre-
sentations, the class of an A-supermodule in SR(A) decomposes as a sum of classes of irreducible
A-modules. Then SR(A) can be described as a free abelian group on a basis of irreducibles. Re-
calling Schur’s Lemma, the irreducibles come in two flavors: type M with no odd endomorphims,
and type Q which admit an odd involution. In terms of parity reversal, irreducibles M of type M
come in M,ΠM pairs, while irreducibles Q of type Q satisfy Q ∼= ΠQ. When we shift degrees, the
roles are reversed. If M is a degree 0 irreducible of type M, then M ⊕ΠM is a degree 1 irreducible
of type Q. On the other hand, if Q is a degree 0 irreducible of type Q, then Q admits two distinct
Cl(1) actions which are parity reversals of each other, giving a pair of degree 1 irreducibles Q+, Q−
of type M. The super representation group is generated by only the type M irreducibles, so a basis
for SR0(A) is given by choosing one element from each [M ], [ΠM ] pair, while a basis for SR1(A)
is given by choosing one element from each [Q+], [Q−] pair.
3
We note that if A = A0 has no odd component, then the graded and ungraded tensor products
with the Clifford algebra agree: A0 ⊗˜ Cl(n) ∼= A0 ⊗ Cl(n). In this case, it follows that modules
over A0 ⊗˜ Cl(n) decompose as direct sums of modules of the form V ⊗ S, where V is an ungraded
A0-module, and S is a Cl(n)-supermodule. In terms of representation rings, we find that
(6) SR−n(A0) ∼= KA0(pt)⊗ SR−n(C) ∼= KA0(pt)⊗K−n(pt) ∼=
{
KA0(pt) for n even,
0 for n odd,
recalling the Atiyah-Bott-Shapiro isomorphism (5).
If A is a Hopf superalgebra, then its comultiplication homomorphism ∆ : A→ A ⊗˜A gives us a
ring structure on the super representation group as follows: Given two A-supermodules V and W ,
their tensor product V ⊗W is a representation of the graded tensor product A ⊗˜ A. Pulling back
to A via ∆, we obtain an A-supermodule ∆∗(V ⊗W ) which we call the interior tensor product of
3In contrast, the representation group R(A) is unchanged under degree shifts, and it has a canonical basis consisting
of the classes [M ] = [ΠM ] and [Q]. This gives us a non-canonical additive isomorphism between R(A) and SR∗(A).
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V and W . If the diagonal map is clear from the context, then we write simply V ⊗W . For the
interior tensor product, the parity reversal operator obeys
Π(V ⊗W ) ∼= (ΠV )⊗W ∼= V ⊗ (ΠW ).
As a consequence, the subgroup I+(A) in the definition of SR(A) is an ideal in F (A), and thus the
super representation group is in fact a ring. The identity element in this ring is the class I = [C]
of the trivial, purely even representation. In terms of the Hopf superalgebra structure, the trivial
representation is the counit homomorphism A→ C, and the axioms for a Hopf superalgebra ensure
that this product does indeed give a ring structure.4
If we start with a Hopf superalgebra A, when we introduce degree shifts, the graded tensor
products A ⊗˜ Cl(n) are not in general Hopf superalgebras, and so the degree-shifted super repre-
sentation groups SR−n(A) do not necessarily carry individual ring structures. However, if V is an
A ⊗˜ Cl(n)-supermodule and W is an A ⊗˜Cl(m)-supermodule, then V ⊗W is a supermodule over(
A ⊗˜ Cl(n)) ⊗˜ (A ⊗˜Cl(m)) ∼= (A ⊗˜A) ⊗˜ Cl(n+m).
Restricting to the diagonal, the interior tensor product then gives an A ⊗˜Cl(n+m)-supermodule,
which furthermore satisfies the property V ⊗W ∼= Πnm(W ⊗ V ). This induces a product
SR−n(A)⊗ SR−m(A)→ SR−n−m(A),
with respect to which the full super representation ring SR∗(A) becomes a supercommutative Z2-
graded ring over the degree zero component SR0(A) = SR(A) (see [22, §6.2] for a full discussion).
4. Lie superalgebras and Lie supergroups
4.1. Lie superalgebras. A Lie superalgebra, as defined by Kac in [15], is a super vector space
g = g0 ⊕ g1 with a bilinear Z2-graded product [ , ] : g× g→ g, referred to as a bracket, satisfying
• [X,Y ] = −(−1)|X| |Y |[Y,X],
• [X, [Y,Z]] = [[X,Y ], Z]+ (−1)|X| |Y |[Y, [X,Z]],
for homogeneous elements X,Y,Z ∈ g. In other words, the bracket is super anti-commutative,
and the adjoint action adX : Y 7→ [X,Y ] is a super derivation. Alternatively, a Lie superalgebra
consists of a conventional even Lie algebra g0 and an odd g0-module g1, equipped with a g0-
invariant symmetric bilinear form g1⊗g1 → g0. An associative superalgebra A always admits a Lie
superalgebra structure by defining the bracket [a, b] := ab− (−1)|a| |b| ba as the super commutator
for homogeneous elements a, b ∈ A.
A Lie superalgebra is neither associative nor unital. However, given a Lie superalgebra g, we can
construct its universal enveloping algebra
U(g) := T ∗(g)/
(
XY − (−1)|X| |Y |Y X = [X,Y ] for homogeneous X,Y ∈ g),
where the tensor algebra T ∗(g) is the free unital associative algebra generated by g. The universal
enveloping algebra is then a unital associative algebra which comes equipped with a canonical
injection g →֒ U(g), and we view g as a Lie sub-superalgebra of U(g). Any Lie superalgebra
homomorphism g → A, where A is an associative algebra, factors uniquely through U(g), and in
fact U(g) can be defined via this universal property. In particular, every representation g→ End(V )
lifts to an algebra homomorphism U(g) → End(V ), and conversely every algebra homomorphism
U(g) → End(V ) restricts to a representation g → End(V ). Furthermore, the univeral enveloping
algebra U(g) is a Hopf superalgebra (see [25]). In particular, the comultiplication homomorphism
∆ : U(g)→ U(g) ⊗˜ U(g) is given by
∆X = X ⊗˜ 1 + 1 ⊗˜X,
4In contrast, the preferred ring structure for the representation ring R(A), as described for example in [6], is the
tensor product, except that the product of two irreducibles of type Q is taken to be half their tensor product.
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on the generators X ∈ g. This gives a Lie algebra homomorphism ∆ : g → U(g) ⊗˜ U(g), which
then extends to U(g) by the universal property. The counit homomorphism U(g)→ C is given on
the generators by X 7→ 0, and it likewise extends to U(g).
Definition. The super representation ring of a Lie superalgebra g is the graded ring with components
SR−n(g) := SR−n
(
U(g)
)
= SR
(
U(g) ⊗˜ Cl(n)),
constructed using representations of the universal enveloping algebra U(g).
When considering degree shifts, each homogeneous component SR−n(g) of the super represen-
tation ring is constructed from g-supermodules carrying auxiliary Cl(n)-actions. In addition, the
action of the Clifford generators must commute with the action of the even component g0 and
anti-commute with the action of the odd component g1 of the Lie superalgebra. We call such
representation spaces g-Clifford supermodules.
Here we are considering complex Lie superalgebras and their complex universal enveloping al-
gebras. In some of the sections that follow, we work instead with real Lie superalgebras, but
ultimately we still want to construct super representation rings in terms of supermodules over a
complex associative algebra. In what follows, if g is a real Lie superalgebra, then when we take its
universal enveloping algebra, we actually mean the complexification U(g⊗ C) ∼= U(g)⊗ C.
4.2. Lie groups. We can also construct super representation rings of Lie groups in terms of repre-
sentations of unital associative algebras. Recall that any representation r : G→ Aut(V ) of a finite
group G lifts to a representation r : C[G]→ End(V ) of its complex group algebra by the formula
r :
⊕
g∈G
ag [g] 7−→
∑
g∈G
ag r(g),
for complex coefficients ag ∈ C for each g ∈ G. Conversely, given a representation of the complex
group algebra, we can reconstruct the representation of the underlying discrete group by taking
r(g) = r([g]), i.e., by setting the coefficients ag = 1 and ah = 0 for all h 6= g. Like the universal
enveloping algebra, the complex group algebra C[G] is also a Hopf algebra, with comultiplication
homomorphism [g] 7→ [g]⊗ [g] induced by the diagonal map ∆ : G→ G×G, and counit homomor-
phism
⊕
g∈G ag [g] 7→
∑
g∈G ag, summing all the coefficients.
If G is a compact Lie group, then a representation is a continuous homomorphism r : G →
Aut(V ), and instead of lifting to the group algebra, we consider the ring C∞(G) of smooth complex-
valued functions on G. The action of a function f ∈ C∞(G) is then given by the integral
(7) r : f ∈ C∞(G) 7−→
∫
G
f(g) r(g) dg ∈ End(V ),
where dg is the bi-invariant Haar measure on G. The product we use on C∞(G) is not simply
multiplication of functions, but rather the convolution given by
(8) (f1 ∗ f2)(g) :=
∫
G
f1(gh
−1) f2(h) dh =
∫
G
f1(gh) f2(h
−1) dh
for f1, f2 ∈ C∞(G), which can be viewed as a generalization of the product on the group algebra.
We note that C∞(G) need not have a unit with respect to this convolution product.
We actually work not directly with C∞(G), but rather with a completion E(G). Using the
product (8), any smooth function f ∈ C∞(G) gives a linear convolution operator f ∗ • : C∞(G)→
C∞(G) with kernel f . For our completion, we take E(G) to consist of distributions on G whose
corresponding convolutions give operators in End(C∞(G)) (see [1]). A representation r : G →
Aut(V ) on a finite dimensional vector space V is in fact a smooth group homomorphism, so we can
view r as an element of C∞(G) ⊗ End(V ). The action of a distribution φ ∈ E(G) is still given by
(7), or more precisely we take r(φ) = (φ ∗ r−1)(e) ∈ End(V ). This gives a lift r : E(G) → End(V )
of our representation which is indeed an algebra homomorphism with respect to convolution.
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Conversely, given a representation r : E(G) → End(V ), we can recover the underlying represen-
tation of G by considering Dirac delta distributions δg ∈ E(G) for g ∈ G, defined by the identity∫
G
δg(h) f(h) dh = f(g)
for all f ∈ C∞(G). In terms of the convolution product, we have δg ∗f = lgf for f ∈ C∞(G), where
the left G-action on C∞(G) is given by (lgf)(h) = f(g
−1h). It follows that δg ∗ δh = δgh, and so
we obtain an injective group homomorphism δ : G →֒ E(G). Pulling back the representation r we
obtain the original group representation as r(g) = r(δg).
The completion E(G) is a unital associative algebra with respect to the convolution product,
and its identity element is the Dirac delta distribution δe at the identity. It is in fact a Hopf
algebra, with comultiplication induced by the diagonal map ∆ : G → G × G and counit given by
φ 7→ (φ∗1)(e), where 1 here refers to the constant function with value 1. In other words, the counit
homomorphism maps a distribution φ to its average over the group
∫
G φ(g) dg. This Hopf algebra
structure allows us to define:
Definition. The super representation ring of a compact Lie group G is the graded ring given by
SR−n(G) := SR−n
(E(G)) = SR(E(G) ⊗˜ Cl(n)),
constructed using representations of the convolution algebra of distributions E(G).
In other words, we consider representations of G carrying auxiliary Cl(n)-actions commuting
with the action of G, which we call G-Clifford supermodules. We note that if G is a compact Lie
group (or g = g0 is a purely even Lie algebra), then E(G) (respectively U(g0)) is purely even, and
the Clifford component completely decouples from the Lie component as in (6). So, we observe that
this super representation ring construction is most interesting when applied in the supersymmetric
setting, involving representations of Lie superalgebras, or as we shall discuss below, Lie supergroups.
Remark. Alternatively, we could reprise the above constructions using only representations of
groups, rather than superalgebras. To introduce degree shifts, we could consider Z2-graded repre-
sentations of the group G×Cl(n)∗, where Cl(n)∗ is the group of invertible elements in the Clifford
algebra. Since Cl(n)∗ is dense in Cl(n), its representations and those of the Clifford algebra are
interchangeable, as are representations of the Lie group G and the unital associative algebra E(G).
4.3. Lie supergroups. A supermanifold can be thought of as an underlying even conventional
manifold with odd “fuzz” (see [10] for an excellent exposition or [7] for a thorough treatment of the
subject), and is best described in terms of its ring of functions. The functions on a supermanifold
form a Z2-graded supercommutative ring, where both the even and odd components are modules
over the ring of functions on the underlying even conventional manifold. Locally, supermanifolds
look like regions of Rp|q = Rp × ΠRq, where Rp is the underlying even conventional manifold, and
ΠRq is the odd “fuzz”. The functions on the even part Rn lie in the closure of the polynomial
algebra Sym∗(Rn). On the other hand, the functions on the odd part ΠRm are anti-commuting
polynomials, which instead lie in the exterior algebra Λ∗(Rm) = Sym∗(ΠRn). Since the exterior
algebra is finite dimensional, there is no need to consider completions. The ring of functions on the
supermanifold Rp|q is therefore C∞(Rp|q) = C∞(Rp)⊗Λ∗(Rq), with even part C∞(Rp)⊗Λeven(Rq)
and odd part C∞(Rp)⊗ Λodd(Rq).
An example of a supermanifold is Π(TX), the parity reversed tangent bundle of a smooth
manifold X, where the fibers are treated as odd vector spaces. Its ring of smooth functions is
C∞
(
Π(TX)
)
= Γ
(
Λ∗(T ∗X)
)
= Ω∗(X),
the space of differential forms on X. In general, if E → X is a smooth real vector bundle, then
ΠE is a supermanifold with the ring of functions C∞(ΠE) = Γ
(
Λ∗(E∗)
)
, i.e., sections of the
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bundle whose fibers are the exterior algebras of the fibers of the dual bundle E∗, or in other words,
anti-commuting polynomials on the fibers of E whose coefficients are functions on the base X.
A Lie supergroup is a supermanifold which carries a smooth Z2-graded group structure (see [7]
or [9] for a complete definition). The underlying even conventional manifold of a Lie supergroup
is a Lie group, and its odd component is a vector space with no further topological or geometric
structure. The space of left-invariant vector fields on a Lie supergroup is a Lie superalgebra. If
G is a Lie supergroup, then the inclusion of the identity e →֒ G induces a ring homomorphism
C∞(G)→ C∞(e) ∼= R, and we denote this evaluation map by f 7→ f(e). The tangent space at the
identity TGe is the vector space of all super-derivations D : C
∞(G)→ C∞(e) ∼= R satisfying
D(fg) = D(f) g(e) + (−1)|D| |f |f(e)D(g).
Note that these super-derivations include even derivations corresponding to tangent vectors of the
underlying even Lie group, as well as odd derivations corresponding to vectors in the directions of
the odd “fuzz”. This tangent space TGe is then a Lie superalgebra.
If G0 is a Lie group and V is a real representation of G0, then we can consider the vector bundle
E = (G0×G0)×∆G0 V over G0 with fibers V . Then ΠE is a Lie supergroup with Lie superalgebra
g0 ⊕ ΠV . Here, the g0 directions correspond to differentiation along the base G0, while the ΠV
directions correspond to interior contraction along the fibers of Λ∗(E∗). In particular, for the
coadjoint representation V = g∗0, we have E = T
∗G0, and the Lie superalgebra corresponding to
Π(T ∗G0) is g0 ⊕Πg∗0. We will revisit this example in Sections 8 and 9.
Remark. Such bundles can be trivialized by left translation as E ∼= G0 × V . However, when we
reverse the parity of the fibers to turn these bundles into Lie supergroups, we find in general that
ΠE ≇ G0 ×ΠV . On the other hand, it follows from our discussion in Section 6.2 below that these
two Lie supergroups nevertheless possess isomorphic super representation rings.
When G is a Lie supergroup, the terms “G-module” and “G-supermodule” refer to represen-
tations of the associated Lie superalgebra g = g0 ⊕ g1, for which the restriction to the even part
g0 exponentiates to a representation of the underlying Lie group G0. In particular, a G-module
carries representations of both the Lie group G0 and the Lie superalgebra g = g0⊕g1, such that for
g ∈ G0 and X ∈ g, their actions satisfy g ◦X ◦ g−1 = AdgX. In terms of associative superalgebras,
a G-module is a representation of the semi-direct tensor product E(G0) ⊗̂U(g), with multiplication
(9) (φ ⊗̂X)(ψ ⊗̂ Y ) = (φ ∗ ψ) ⊗̂X Adφ Y
for φ,ψ ∈ E(G0) and X,Y ∈ U(g). To further reconcile the E(G0)-action with the U(g0) action, we
note that there is an algebra homomorphism ε : U(g0)→ E(G0) given on the generators X ∈ g by
(10) ε : X 7→ d
dt
∣∣∣
t=0
δexp(tX),
identifying the universal enveloping algebra with derivations at the identity (see [1]). We can now
define the Lie supergroup version of the convolution algebra as the tensor product over U(g0):
(11) E(G) := (E(G0) ⊗̂ U(g)) / (ε(X) ⊗̂ 1 = 1 ⊗̂X for X ∈ U(g0)).
This algebra does indeed correspond to distributions on the Lie supergroup. For instance, for the
purely odd Lie supergroup with G0 = 1 and g = 0⊕ΠV , it gives the ring of functions E(G) ∼= Λ∗(V ).
Definition. Let G be a Lie supergroup with underlying even Lie group G0 and associated Lie
superalgebra g = g0 ⊕ g1. Its super representation ring is the graded ring with components
SR−n(G) := SR−n
(E(G)) = SR(E(G) ⊗˜ Cl(n)),
constructed from supermodules carrying compatible G0- and g-actions.
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5. Twisted representation rings
5.1. Twistings of Lie groups. Let G be a compact (connected) Lie group. Recall that a projec-
tive unitary representation of G on a complex Hilbert space V is a continuous group homomorphism
r : G→ PU(V ) = U(V )/U(1). Viewing U(V ) as a principal U(1)-bundle over PU(V ), pulling back
this bundle to G gives us a central extension G˜ = r∗U(V ) of G, and the projective representation
r lifts to an actual representation r˜ on G˜. This gives the following commutative diagram:
1 −−−−→ S1 −−−−→ G˜ −−−−→ G −−−−→ 1y∼= yr˜ yr
1 −−−−→ U(1) −−−−→ U(V ) −−−−→ PU(V ) −−−−→ 1
The central extension G˜ is called the cocycle of the projective representation, and it is classified
topologically by its Chern class
c1(G˜) = c1
(
r∗U(V )
)
= r∗c1
(
U(V )
) ∈ H2(G;Z).
However, the Chern class itself does not capture the group structure of this extension. To see the
group structure topologically, we must “deloop” the groups and work instead with the corresponding
fibration of classifying spaces:
(12)
S1 −−−−→ ES1 −−−−→ BS1y y y
G˜ −−−−→ EG˜ −−−−→ BG˜y y y
G −−−−→ EG −−−−→ BG
Since S1 is abelian, we can choose a BS1, up to homotopy, which is a topological group and for
which the universal fibration S1 → ES1 → BS1 on the top of (12) is a central extension. A
circle bundle is determined by a continuous map f : G → BS1, and in order to pull back the
group structure on ES1 to G˜ = f∗ES1, we require that f be a group homomorphism. In that case,
“delooping” f gives a map of classifying spaces Bf : BG→ BBS1 = K(Z, 3). This map determines
the bundle BG˜ on the right side of (12), which is completely characterized up to isomorphism by
the class [Bf ] ∈ [BG,K(Z, 3)] = H3(BG;Z).
Considering the transgressions for the fibrations along the top, bottom, left and right sides of
(12), we obtain the following commutative diagram in cohomology:
H1(S1)
dES
1
2−−−−→ H2(BS1)ydG˜2 ydBG˜3
H2(G)
dEG3−−−−→ H3(BG)
Letting θ be the generator of H1(S1;Z), and u = dES
1
2 θ the generator of H
2(BS1;Z), the charac-
teristic class [Bf ] of the bundle BG˜ is the transgression dBG˜3 u = d
BG˜
3 d
ES1
2 θ. On the other hand,
we can also write this class as dEG3 c1(G˜) = d
EG
3 d
G˜
2 θ.
Proposition 2. A circle bundle S1 → G˜ → G admits the structure of a group extension precisely
when the characteristic class c1(G˜) is in the kernel of the differential
d2 : H
2(G;Z) −→ E1,22 (EG;Z) = H2
(
BG; H1(G;Z)
)
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in the spectral sequence for the universal fibration G→ EG→ BG. In addition, the map
d3 : Ker d2 →֒ H2(G;Z)→ H3(BG;Z)
is an isomorphism, and isomorphism classes of group extensions S1 → G˜ → G correspond to
elements of H3(BG;Z) via the transgressions d3 c1(G˜) ∈ H3(BG;Z) of their characteristic classes.
Proof. In [4], Atiyah and Segal discuss such extensions and prove that Ext(G,S1) ∼= H3(BG;Z). In
summary, they show that Ext(G,S1) ∼= H2(BG;S1) (see [26, 27]), and then they use the coefficient
sequence Z→ R→ S1 to establish the isomorphism H2(BG;S1) ∼= H3(BG;Z) for compact G.
Let us now examine the Serre spectral sequence for the universal fibration G → EG → BG,
where EG is contractible and thus its reduced cohomology H˜∗(EG) is trivial. We first note that
H1(BG) must vanish, which gives us E1,12 = 0. It follows that H
3(BG) survives past the E2 stage,
and to kill it at the E3 stage, the map d3 must be an isomorphism from Ker d2 ⊂ H2(G) to H3(BG).
We therefore obtain the exact sequence
(13) 0 −−−−→ H3(BG) d
−1
3−−−−→ H2(G) d2−−−−→ E1,22
d2−−−−→ H4(BG),
where the inverse transgression is the looping map d−13 : [BG,K(Z, 3)] → [G,K(Z, 2)], induced by
the forgetful map taking a central extension to its underlying topological circle bundle. The Chern
class of a central extension G˜ is then the image c1(G˜) = d
−1
3 (d
BG˜
3 u), and thus d2 c1(G˜) vanishes. 
Example. For the torus T 2 = S1 × S1, we have H2(T 2;Z) = Z, and so it admits nontrivial circle
bundles S1 → T˜ 2 → T 2. However, for the classifying space we have H3(BT 2;Z) = 0, and thus
T 2 does not admit any nontrivial S1 group extensions. The bundle T˜ 2 therefore does not admit a
group structure. In this case, the exact sequence (13) becomes
0 −−→ 0 d
−1
3−−→ Z d2−−−→ Z⊕4 d2−−−→ Z⊕3
and since d2 is injective, the obstruction d2 c1(T˜
2) is nonzero.
Definition. Given a Lie group G, a twisting τ is a central extension
τ = {1→ S1 → G˜→ G→ 1}
The τ -twisted G-equivariant K-theory of a point, τKG(pt), is the Grothendieck group of isomor-
phism classes of finite dimensional projective representations of G with cocycle τ .
This twisted K-group depends, up to noncanonical isomorphism, only on the isomorphism class
of the twisting, the class [τ ] = c1(G˜) ∈ H2(G;Z), which by Proposition 2 must satisfy d2[τ ] = 0.
Given two cocycles τ1, τ2 corresponding to central extensions G˜1, G˜2 respectively, their sum τ1+ τ2
corresponds to the tensor product extension G˜1 ⊗ G˜2. Taking the tensor product of two projective
representations therefore adds their cocycles. In particular, the twisted K-groups are not rings.
The twisted equivariant K-theory can then be constructed as the component τKG(pt)
∼= K
G˜
(pt)1
of virtual G˜-modules on which the central S1 acts by complex multiplication.
Example. Let G = SO(n) for n ≥ 3. There are two types of representations of SO(n) corresponding
to the two elements of H2(SO(n);Z) ∼= Z2. The bosonic or integer spin representations are true
SO(n)-modules and comprise 0KSO(n)(pt). We also have projective representations of SO(n). In
the simplest case, the Lie group isomorphism PU(2) = U(2)/U(1) ∼= SU(2)/{±1} ∼= SO(3) yields
a nontrivial projective representation of SO(3) on C2, whose cocycle gives the nontrivial element
[τ ] ∈ H2(SO(3);Z). In general, the fermionic or half-integer spin representations are projective
representations of SO(n) whose cocycle gives the nontrivial element [τ ] ∈ H2(SO(n);Z), and which
comprise τKSO(n)(pt). These fermionic representations can be constructed as true representations
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of the Lie algebra so(n). To realize them as representations of a Lie group, we must lift to the
universal cover Z2 → Spin(n) → SO(n). Then Spin(n)-modules can be characterized as either
bosonic or fermionic depending on whether the nontrivial central element −1 ∈ Z2 ⊂ Spin(n) acts
by +1 or −1 respectively. To phrase this construction in the terms of the preceding paragraph,
we must modify this argument slightly to instead consider even and odd representations of the
extension S1 → Spinc(n)→ SO(n), which can be constructed as Spinc(n) = Spin(n)×Z2 S1.
For twistings by torsion cocycles, the projective representations of the Lie group are nevertheless
true representations of the Lie algebra. This is because the projective representations lift to true
representations of a finite covering of the Lie group. Such finite covers are locally indistinguishable
from the original Lie group, and so are not detected by the Lie algebra.
5.2. Twistings of Lie algebras. We can also consider projective representations at the Lie algebra
level. A projective unitary representation of a Lie algebra g on a complex Hilbert space V is a Lie
algebra homomorphism r : g → puV = uV /u1, where u1 = iR Id. We can construct a splitting of
the extension u1 → uV → puV by choosing a complement of u1 in uV and identifying it with puV ,
giving us an isomorphism uV ∼= puV ⊕ u1. With respect to this splitting, the bracket is given by
(14) [A⊕ a, B ⊕ b ]u = [A,B]pu⊕ i ω(A,B),
for A,B ∈ puV and a, b ∈ u1. Here, the coefficient of the u1-term is given by an anti-symmetric
bilinear form ω : uV ⊗ uV → R, or in other words an element ω ∈ Λ2(pu∗V ). As a consequence of
the Jacobi identity, the 2-form ω satisfies the cocycle condition
(15) ω(A, [B,C]) = ω([A,B], C) + ω(B, [A,C]),
or in other words, the form ω is closed, satisfying dω = 0 with respect to the Lie algebra cohomology
differential d : Λ∗(pu∗V )→ Λ∗+1(pu∗V ). Furthermore, if we choose another splitting uV ∼= puV ⊕ u1,
we obtain another cocycle which differs from ω by an exact form. Thus, ω determines a class in the
Lie algebra cohomology H2(puV ) which is independent of the choice of splitting. The cocycle of a
projective Lie algebra representation is the pullback τ = r∗(ω), determining a class [τ ] ∈ H2(g).
Remark. If V is finite dimensional, then we have a canonical inclusion puV →֒ uV as the traceless
elements. This gives us a canonical splitting uV ∼= puV ⊕ u1 with respect to which the cocycle ω
vanishes. Thus, every projective unitary Lie algebra representation on a finite dimensional vector
space lifts trivially to an actual representation. We can also see this from the point of view of Lie
algebra cohomology, as H2(pun) vanishes. Indeed, the Lie algebra cohomology H
2(g) vanishes for
any finite dimensional semisimple Lie algebra g.
Given a projective Lie algebra representation r : g → puV , we can lift it to a vector space
homomorphism r˜ : g → uV , and in light of (14), the cocycle τ is a quantitative measure of the
failure of r˜ to be a Lie algebra homomorphism:
r˜(X) r˜(Y )− r˜(Y ) r˜(X) = r˜([X,Y ])+ i τ(X,Y ) Id.
As in the Lie group case, we can pull back the extension, giving a commutative diagram
0 −−−−→ RI −−−−→ g˜ −−−−→ g −−−−→ 0y∼= yr˜ yr
0 −−−−→ u1 −−−−→ uV −−−−→ puV −−−−→ 0
where the central extension g˜ = g⊕ RI of g has Lie algebra bracket
(16) [X ⊕ xI, Y ⊕ yI ]g˜ = [X,Y ]g⊕ τ(X,Y ) I,
and the lift r˜ takes the central generator I to i Id. Note that the cocycle condition (15) for τ ensures
that the Jacobi identity on g extends to g˜.
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Unlike in the Lie group case, every Lie algebra cohomology 2-cocycle τ gives rise to a central
extension RI → g˜ → g via the bracket (16). In fact, the central u1-extensions of g are classified
up to isomorphism by H2(g). If g is the Lie algebra of a compact Lie group G, then a Lie algebra
extension of g given by the cocycle τ must satisfy two conditions in order for it to exponentiate to
give a group extension of G. First, the cocycle must be integral, corresponding to a class
[τ ] ∈ H2(G;Z)→ H2(G;R) ∼= H2(g).
Second, the cocycle must be integrable, satisfying
d2[τ ] = 0 ∈ Λ1(g∗)⊗ Sym1(g∗) ∼= E1,22 (EG)
in the Weil algebra for g, viewed as a model for the de Rham cohomology of EG.
Example. The two-dimensional abelian Lie algebra t2 is the Lie algebra of the torus T 2 = S1 × S1
which we considered in the previous section. We have H2(t2) ∼= R, and thus t2 does indeed admit
a central extension. Letting e, f be a basis for t2, this extension has brackets [e, f ] = I and
[I, e] = [I, f ] = 0. This Lie algebra is the Heisenberg algebra, which has the standard infinite
dimensional representation on the space of polynomials C[t] (or its L2-completion), with action
given by e 7→ t, f 7→ −i ∂t, I 7→ i Id, from quantum mechanics. We note that this extension does
not exponentiate to give an extension of the Lie group T 2.
Definition. Given a Lie algebra g and a Lie algebra cohomology 2-cocycle τ representing a class
[τ ] ∈ H2(g), the τ -twisted g-equivariant K-theory of a point, τKg(pt), is the Grothendieck group
of isomorphism classes of finite dimensional projective representations of g with cocycle τ .
As in the Lie group case, the twisted K-group depends, up to noncanonical isomorphism, only on
the class [τ ] ∈ H2(g). Taking the tensor product of two projective representations of g adds their
cocycles, in this case adding them as 2-forms. To introduce degree shifts, we must construct an
associative algebra version of these twistings. Given a cocycle τ ∈ H2(g), let g˜τ denote the central
extension of g given by (16). A τ -twisted representation of g is then a representation of g˜τ where
I acts by i Id. We thus construct the τ -twisted universal enveloping algebra of g as the quotient
(17) Uτ (g) := U(g˜τ ) / (I = i 1).
The τ -twisted representations of g are clearly representations of Uτ (g), and we define:
Definition. Let g be a Lie algebra. Given a 2-cocycle τ representing a class [τ ] ∈ H2(g), the
τ -twisted super representation group of g is the graded group with components
(18) τSR−n(g) := SR−n
(
Uτ (g)
)
= SR
(
Uτ (g) ⊗˜ Cl(n)
)
,
constructed from projective representations of g with cocycle τ .
Revisiting twistings of Lie groups, consider a twisting τ = {1 → S1 → G˜ → G → 1}. The
corresponding extension 0→ RI → g˜→ g→ 0 of Lie algebras determines a Lie algebra cohomology
2-cocycle, which we also denote by τ . A projective representation of G with cocycle τ is thus a
projective representation of g with cocycle τ , so we can describe a τ -twisted representation of G as a
representation of G˜τ , on which the corresponding g˜τ -action satisfies I = i Id. Recalling the algebra
homomorphism ε : U(g˜τ )→ E(G˜τ ) given by (10), we define the twisted convolution algebra,
(19) Eτ (G) := E(G˜τ ) / (ε(I) = i 1),
which we use in the following definition:
Definition. Let G be a compact Lie group. Given a 2-cocycle τ representing a class [τ ] ∈ H2(G;Z)
with d2[τ ] = 0, the τ -twisted super representation group of G is the graded group with components
(20) τSR−n(G) := SR−n
(Eτ (G)) = SR(Eτ (G) ⊗˜ Cl(n)),
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constructed from projective representations of G with cocycle τ .
5.3. Twistings of Lie superalgebras and supergroups. The discussion of the previous section
works equally well for Lie superalgebras g = g0 ⊕ g1. A (even) extension 0→ RI → g˜τ → g→ 0 is
once again determined by a 2-cocycle τ . In this case, the cocycle is a supersymmetric 2-form in
(21) Λ2(g∗0 ⊕ g∗1) = Λ2(g∗0)⊕ Sym2(g∗1)⊕ (g∗0 ⊗ g∗1),
and it satisfies the supersymmetric version of the cocycle condition (15):
τ(A, [B,C]) = τ([A,B], C) + (−1)|A| |B| τ(B, [A,C]),
for homogeneous elements A,B,C ∈ g. Such a cocycle determines an element [τ ] ∈ H2(g) in the
Lie superalgebra cohomology. The definitions (17) of the twisted univeral enveloping algebra and
(18) of the twisted super representation ring then carry over directly to Lie superalgebras.
Example. Let g = 0⊕ V be a purely odd Lie superalgebra. Since the product of two odd elements
is even, this g is supercommutative. Consequently, every form is closed, and recalling (21), a
projective cocycle is a symmetric bilinear form b ∈ Sym2(V ). The extension g˜b now satisfies
[v,w]g˜ = [v,w]g⊕ b(v,w) I.
for v,w ∈ V , and the b-twisted universal enveloping algebra is then
Ub(g) = T
∗(V )/
(
v · w + w · v = i b(v,w)).
Up to replacing the coefficient i on the right side with −2 (which we can do over C by scaling V
by
√
2i), this is the definition (3) of the Clifford algebra Cl(V, b), which gives us an isomorphism
bSR−n(0⊕ V ) ∼= SR−n
(
Cl(V, b)
)
.
If b is a non-degenerate symmetric bilinear form on V , then bSR∗(0⊕ V ) ∼= SR∗+dimV (0).
Let G be a Lie supergroup, with underlying even Lie group G0 and Lie superalgebra g = g0⊕g1.
A twisting for G is a pair τ = (τG0 , τg), where τG0 is a cocycle for the Lie group G0 and τg is a
cocycle for the Lie superalgebra g. Letting τg0 be the cocycle for g0 induced by τG0 , we require the
compatibility condition τg0 = (τg)|g0 . Such a twisting determines extensions G˜0 of the Lie group
G0 and g˜ of the Lie superalgebra g0, which are compatible in that the Lie algebra associated to G˜0
is indeed the even component of g˜. These two extensions then combine to give a Lie supergroup
central extension G˜τ of G. The definitions (19) of the twisted convolution algebra and (20) of the
twisted super representation ring then carry over directly to the Lie supergroup case.
6. The Thom isomorphism
In this section we consider an algebraic Thom isomorphism between the twisted super represen-
tation rings of a Lie algebra or compact Lie group and a related Lie superalgebra or Lie supergroup.
This serves as an instructive example involving twistings for both an even Lie group and the odd
part of a Lie superalgebra. It is also an essential result which we will use in Sections 8 and 9 below.
6.1. Lie algebra version. Let g be a finite dimensional Lie algebra, and let r : g→ End(V ) be a
real finite dimensional representation. We can then construct the Lie superalgebra g⊕ΠV , with g
for the even component and V for the odd component, where the bracket of any two odd elements
vanishes. (We write ΠV here as a reminder that V is to be treated as an odd vector space.) The
universal enveloping algebra of the Lie superalgebra g⊕ΠV is the semi-direct tensor product
U(g⊕ΠV ) ∼= U(g) ⊗̂ Λ∗(V )
with multiplication given by
(22) (X ⊗̂ v)(Y ⊗ w) = XY ⊗̂ v ∧ w + Y ⊗̂ v ∧ (rXw)
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for X,Y ∈ U(g) and v,w ∈ Λ∗(V ), where we have extended the representation r on V to the
exterior algebra Λ∗(V ) as a derivation. Both U(g) and U(ΠV ) ∼= Λ∗(V ) inject as algebras into the
semi-direct tensor product as U(g) ⊗̂1 and 1 ⊗̂Λ∗(V ), and the multiplication (22) is defined so that
(X ⊗̂ 1)(1 ⊗̂ v)− (1 ⊗̂ v)(X ⊗̂ 1) = 1 ⊗̂ rXv
for X ∈ g and v ∈ V .
We say that a symmetric bilinear form b on V is g-invariant if it satisfies the identity
(rXb)(v,w) = b(rXv,w) + b(v, rXw) = 0
for all X ∈ g and v,w ∈ V . Since the odd component ΠV acts trivially on itself in the Lie
superalgebra g⊕ΠV , a g-invariant form on V is automatically g⊕ΠV -invariant, and since invariant
forms are closed, the form b is a cocycle defining a twisting for g ⊕ ΠV . Restricting to the odd
component we recall from our example at the end of Section 5.3 that Ub(ΠV ) ∼= Cl(V, b). This
twisting affects only the odd component of the Lie superalgebra, and thus the twisted universal
enveloping algebra for the full Lie superalgebra is
Ub(g⊕ΠV ) ∼= U(g) ⊗̂ Cl(V, b),
where the multiplication on the semi-direct tensor product is once again given by (22), but this
time taking v,w ∈ Cl(V, b), replacing wedge products with Clifford products, and extending r to
Cl(V, b) as a derivation with respect to the Clifford product.
Before stating the Thom isomorphism, we first recall the standard Lie algebra isomorphism
so(V ) ∼= spin(V ) ⊂ Cl(V ), as described for example in [24].
Lemma 3. Let V be a finite dimensional inner product space with orthonormal basis {e1, . . . , en}.
The extension of any A ∈ so(V ) to the Clifford algebra Cl(g) as a derivation satisfying
A(ξη) = (Aξ) η + ξ (Aη)
for ξ, η ∈ Cl(V ) can be quantized as the inner derivation given by bracketing with
A˜ = −1
4
n∑
i=1
ei · (Aei) ∈ spin(V ) ⊂ Cl(V ).
Furthermore, the operator A 7→ A˜ is a Lie algebra homomorphism: [A˜, B] = A˜ · B˜ − B˜ · A˜.
Proof. We need only verify that the operators A and [A˜, · ] agree on the generators ξ ∈ V ⊂ Cl(V ),
as the rest follows from the derivation property. Let ξ =
∑n
i=1 ξ
i ei. Then we have
A˜ · ξ − ξ · A˜ = −1
4
n∑
i=1
(−2b(ei, ξ)Aei − (−2)ei b(Aei, ξ))
=
1
2
n∑
i=1
(
b(ei, ξ)Aei + b(ei, Aξ) ei
)
=
1
2
n∑
i=1
(
ξiAei + (Aξ)
i ei
)
= Aξ,
where Aξ =
∑n
i=1(Aξ)
iei. For the Lie algebra property, we have[
[A˜, B˜], ξ
]
=
[
A˜, [B˜, ξ]
]− [B˜, [A˜, ξ]] = ABξ −BAξ = [A,B] ξ
by the Jacobi identity. Since the center of Cl(V ) consists of only scalar multiples of the identity,
we have [A˜, B] = A˜ · B˜ − B˜ · A˜ up to addition by a scalar. In this case, the scalar terms vanish, as
A˜ · B˜ − B˜ · A˜ = −1
4
n∑
i=1
(
Aei ·Bei + ei · ABei
)
= −1
4
n∑
i=1
ei · (AB −BA)ei = [A˜, B],
using the fact that A is in so(V ) (and that V is finite dimensional) to obtain the second equality. 
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Proposition 4 (Thom Isomorphism). If b is a non-degenerate g-invariant symmetric bilinear form
on V , then there is an isomorphism of unital associative algebras
U(g) ⊗̂ Cl(V, b) ∼=−→ U(g)⊗ Cl(dimV )
which induces an additive group isomorphism
SR∗(g)
∼=−→ bSR∗+dimV (g⊕ΠV )
between the super representation ring of g and the b-twisted super representation group of g⊕ΠV .
Proof. Choosing an orthonormal basis {e1, . . . , edim V } for V , we can identify Cl(V ) with Cl(dimV ).
So, our goal is to construct an algebra isomorphism
f : U(g) ⊗̂ Cl(V )→ U(g)⊗ Cl(V ).
Since the inner product b is g-invariant, the representation r is orthogonal, giving a Lie algebra
homomorphism r : g→ so(V ). Using the above proposition to quantize this action, we obtain a Lie
algebra homomorphism r˜ : g→ spin(V ) ⊂ Cl(V ) (see [17], [21]), which in turn lifts to the universal
enveloping algebra to give a homomorphism r˜ : U(g) → Cl(V ) of associative (super) algebras.
Combining these two algebras, we get a tensor product representation s : g→ U(g)⊗ Cl(V ),
(23) s(X) = X ⊗ 1 + 1⊗ r˜(X)
forX ∈ g, and we clearly have s(X) s(Y )−s(Y ) s(X) = s([X,Y ]). This representation then extends
to an algebra homomorphism s : U(g)→ U(g)⊗ Cl(V ). We can now construct f as
f : X ⊗̂ v 7→ s(X)(1 ⊗ v) = X ⊗ v + 1⊗ r˜(X) · v
for X ∈ g and v ∈ Cl(V ).
We observe that both U(g) and Cl(V ) inject as algebras into their semi-direct tensor product
U(g) ⊗̂ Cl(V ) as U(g) ⊗̂ 1 and 1 ⊗̂ Cl(V ) respectively. Furthermore, their mixed products satisfy
(24) (X ⊗̂ 1)(1 ⊗̂ v)− (1 ⊗̂ v)(X ⊗̂ 1) = 1 ⊗̂ rXv
for X ∈ g and v ∈ V . To verify that f is an algebra homomorphism, we check that it respects (24):
f(X ⊗̂ 1) f(1 ⊗̂ v)− f(1 ⊗̂ v) f(X ⊗̂ 1)
= X ⊗ v + 1⊗ r˜(X) · v −X ⊗ v − 1⊗ v · r˜(X) = f(1 ⊗̂ rXv).
Furthermore, this map is invertible, with inverse map
f−1 : U(g)⊗ Cl(V )→ U(g) ⊗̂Cl(V )
given by
f−1 : X ⊗ v 7→ X ⊗̂ v − 1 ⊗̂ r˜(X) · v.
Again, this map f−1 is an algebra homomorphism, since we have
f−1(X ⊗ 1) f−1(1⊗ v)− f−1(1⊗ v) f−1(X ⊗ 1)
= X ⊗̂ v − 1 ⊗̂ r˜(X) · v + 1 ⊗̂ rXv −X ⊗̂ v + 1 ⊗̂ v · r˜(X) = 0,
as we expect since U(g)⊗ 1 commutes with 1⊗Cl(V ) in the standard tensor product. We see that
f ◦ f−1 = f−1 ◦ f = Id acting on X ∈ g ⊂ U(g) and v ∈ Cl(V ), and thus these maps are inverses.
Pulling back b-twisted projective representations of g ⊕ ΠV to g-Clifford supermodules via the
algebra isomorphism f , we obtain an additive homomorphism of (twisted) super representation
groups f∗ : SR− dimV (g)→ bSR(g⊕ΠV ) (see Section 7.1 below for a discussion of pullbacks). In
fact, this map is an isomorphism, with inverse (f∗)−1 = (f−1)∗. Adding in degree shifts, we obtain
our desired Thom isomorphism SR∗(g) ∼= bSR∗+dimV (g⊕ΠV ). 
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To construct this Thom isomorphism explictly, we recall that classes in bSRdimV (g⊕ΠV ) corre-
spond to b-twisted projective representations of g⊕ΠV with auxiliary supercommuting Cl(dimV )-
actions, modulo those admitting odd involutions. More precisely, we actually want a Clifford action
of Cl(0,dimV ) with generators {f1, . . . , fdimV } each squaring to +1, although in the complex case
Cl(0,dim V ) ∼= Cl(dim V ). Given a g-module U , we can then construct
f∗U = U ⊗ Cl(V ),
where Cl(V ) = Cl(V )⊗ C is the complex Clifford algebra. The b-twisted g⊕ V -action is given by
X(u⊗ ω) = X(u)⊗ ω + 1⊗ r˜(X) · ω,(25)
v(u⊗ ω) = 1⊗ v · ω,(26)
using the left action of Cl(V ) on Cl(V ), and the auxiliary Cl(0,dim V )-action uses the right action
fi(u⊗ ω) = u⊗ ǫ(ω) · ei,(27)
for X ∈ g, v ∈ V , u ∈ U , ω ∈ Cl(V ). Here, the fi are Clifford generators squaring to +1, the ei are
the corresponding orthonormal basis of V , and ǫ : Cl(V )→ Cl(V ) is the grading involution.
6.2. Lie group version. In the Lie group/supergroup case, we must consider an additional twist-
ing. Let G be a compact Lie group, and let V be a representation of G. Let E be the vector bundle
E = (G×G)×∆G V over G with fibers V . Then ΠE is a Lie supergroup with underlying even Lie
group G and associated Lie superalgebra g⊕ΠV as described in Section 4.3.
If V is a finite dimensional real inner product space, we have the group extension
1→ S1 → Spinc(V )→ SO(V )→ 1
whose Chern class is the nontrivial element c1(Spin
c(V )) ∈ H2(SO(V );Z) ∼= Z2. In our case, given
a G-invariant inner product b on V , then we have a representation r : G → SO(V ), which we
quantize by pulling back the extension Spinc(V ) via r:
1 −−−−→ S1 −−−−→ G˜ −−−−→ G −−−−→ 1y= yr˜ yr
1 −−−−→ S1 −−−−→ Spinc(V ) −−−−→ SO(V ) −−−−→ 1
giving a continuous homomorphism r˜ : G˜ → Spinc(V ) ⊂ Cl(V ). Let the twisting τ be the central
extension G˜ = r∗ Spinc(V ), which corresponds to a class
(28) [τ ] = c1
(
G˜
)
= c1
(
r∗ Spinc(V )
)
= r∗c1
(
Spinc(V )
) ∈ H2(G;Z).
Exponentiating (25), the even G-component of the b-twisted ΠE-action on U ⊗Cl(V ) is given by
(29) g(u⊗ ω) = g(u) ⊗ r˜(g) · ω
for g ∈ G˜, u ∈ U , and ω ∈ Cl(V ). The odd components act on U ⊗ Cl(V ) the same as they do in
(26) and (27) above. In order that the action (29) descend to G, we see that U must be a projective
representation of G with the opposite cocycle −τ . However, since [τ ] is the pullback of the generator
of H2(SO(V );Z) ∼= Z2, we have [τ ] = −[τ ], so we can take U to be a projective representation with
cocycle τ . We now obtain the Lie group/supergroup version of the Thom isomorphism:
Proposition 5. The map U 7→ U ⊗Cl(V ), where U is a τ -twisted G-module and the action on the
tensor product U ⊗Cl(V ) is given by (26), (27), (29), gives an additive group isomorphism
τSR∗(G)
∼=−→ bSR∗+dimV (ΠE)
from the twisted super representation group of G to the b-twisted super representation group of ΠE.
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In terms of twisted equivariant K-theory (with compact supports), we have bSR∗(ΠE) ∼= K∗G(V ),
and this isomorphism is precisely the equivariant Thom isomorphism τK∗G(pt)
∼= K∗+dimVG (V )
(see [16]). For even dimensional V , we can remove the degree shift in the Thom isomorphism by
composing with the Bott periodicity isomorphism. Doing so gives a Thom class [SV ] ∈ b+τSR (ΠE)
and an Euler class [SV0 ] − [SV1 ] ∈ τSR (G) ∼= τKG(pt) in terms of the unique irreducible Cl(V )-
supermodule SV = SV0 ⊕ SV1 . This Euler class plays a significant role in Sections 8 and 9 below.
For an alternative proof we can exponentiate the representation (23) to obtain an algebra homo-
morphism s : Eτ (G˜) → Eτ (G˜) ⊗ Cl(V ) in terms of the twisted convolution algebra Eτ (G˜), induced
by the group homomorphism s(g) = g ⊗ r˜(g) for g ∈ G˜. This extends to an algebra isomorphism
f : Eτ (G˜) ⊗̂Cl(V )
∼=−→ Eτ (G˜)⊗ Cl(V ),
given by
f : g ⊗ ω 7→ r(g)(1 ⊗ ω) = g ⊗ r˜(g) · ω
for g ∈ G˜ and ω ∈ Cl(V ). Here, the multiplication on the semi-direct product Eτ (G˜) ⊗̂ Cl(V ) is
(φ ⊗̂ v)(ψ ⊗̂ w) = (φ ∗ ψ) ⊗̂ (v · rφw)
for φ,ψ ∈ Eτ (G) and v,w ∈ Cl(V ), which gives us our desired relation g ◦ v ◦ g−1 = rgv.
7. Restriction and induction
7.1. Pullbacks. Let f : A → B be an (even) homomorphism of unital associative superalgebras.
If r : B → End(V ) is a representation of B on a super vector space V , then we can pull it
back via f to obtain a representation f∗r := r ◦ f : A → End(V ) of A on V . If the B-action
on a B-module V is understood, then we write f∗V for the pulled back A-module. Recalling
our definition of the super representation group from Section 3, the pullback gives us a group
homomorphism f∗ : F (B)→ F (A) on the free abelian groups generated by isomorphism classes of
finite dimensional supermodules. We also find that f∗I(B) ⊂ I(A) for the subgroups generated by
classes [U ]− [V ] + [W ] whenever there exists a short exact sequence
0→ U → V →W → 0
(with even maps). Indeed, if we have such an exact sequence of super vector spaces which is
B-equivariant, then it is clearly also equivariant with respect to the pulled back A-actions. In
addition, since f : A→ B is an even map, the pullback of supermodules commutes with the parity
reversal operator, f∗Π = Πf∗. It follows that f∗ takes self-dual supermodules V ∼= ΠV to self-dual
supermodules f∗V ∼= Πf∗V , giving us f∗I+(B) ⊂ I+(A), and thus f∗ descends to a homomorphism
(30) f∗ : SR(B)→ SR(A)
of the super representation groups. Incorporating Clifford algebras, we can extend f to a homo-
morphism f : A ⊗˜ Cl(n)→ B ⊗˜ Cl(n), and so we likewise obtain a pullback homomorphism of the
degree-shifted super representation groups. If f : A → B is a homomorphism of Hopf superalge-
bras, then the pullback (30) is a ring homomorphism, or a Z2-graded ring homomorphism including
degree shifts. If the homomorphism f is an inclusion, then we call the pullback the restriction.
A homomorphism f : h → g of Lie superalgebras extends via the injection g → U(g) to a
Lie superalgebra homomorphism f : h → U(g) and then further extends to a homomorphism
f : U(h) → U(g) of the universal enveloping algebras. Similarly, a homomorphism f : H → G of
Lie groups extends to a homomorphism f : E(H)→ E(G) of the convolution algebras (note that the
convolution algebra is covariant as it is dual to the contravariant ring of smooth functions). The
analogous statement holds for homomorphisms of Lie supergroups. We can therefore define pullback
and restriction maps for the super representation rings of Lie superalgebras and Lie supergroups.
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To construct pullbacks and restrictions of twisted super representation rings, we must pull back
not only the representation but also the twisting. For groups, recall from Section 5.1 that if
r : G→ PU(V ) is a projective representation of G, then its cocycle is the pullback τ = r∗(U(V )).
If f : H → G is a Lie group homomorphism, then f∗r = r ◦ f : H → PU(V ) is a projective
representation of H with cocycle (f∗r)∗
(
U(V )
)
= f∗
(
r∗
(
U(V )
))
= f∗τ. For Lie superalgebras, a
projective representation of g is a representation of a central extension g˜τ with cocycle τ , such
that the central generator I acts by i Id. Given a Lie superalgebra homomorphism f : h → g,
it lifts to a Lie superalgebra homomorphism f˜ : h˜f∗τ → g˜τ which maps the central generator Ih˜
to Ig˜. As a consequence, a τ -twisted projective representation of g pulls back to a f
∗τ -twisted
projective representation of h. In terms of the twisted universal enveloping algebra (17), we obtain
an associative algebra homomorphism f : Uf∗τ (h)→ Uτ (g). Likewise, a homomorphism f : H → G
of Lie (super)groups induces an associative algebra homomorphism f : Ef∗τ (H) → Eτ (G) of the
twisted convolution algebras defined in (19). Such maps induce pullbacks or restrictions
f∗ : τSR∗(g)→ f∗τSR∗(h) f∗ : τSR∗(G)→ f∗τSR∗(H).
of the twisted super representation groups.
7.2. Pushforwards. If A is a unital associative algebra and V and W are finite dimensional A-
supermodules, we can define a symmetric bilinear pairing
〈〈V,W 〉〉A := sdimHomA(V,W ) = dimHomA(V,W )0 − dimHomA(V,W )1,
where sdimV = dimV0 − dimV1 is the superdimension, in which we count both even and odd
homomorphisms supersymmetrically. If V ∼= ΠV , then we see that 〈〈V,W 〉〉A = 0 for any W , and
thus 〈〈 , 〉〉A descends to a pairing on the super representation group SR(A). By Schur’s Lemma, if
V and W are irreducible A-supermodules, we have
〈〈V,W 〉〉A =

1 if V,W are type M and V ∼=W,
−1 if V,W are type M and V ∼= ΠW,
0 otherwise.
Recall that SR(A) is a free abelian group on the (almost) canonical basis given in Section 3,
consisting of one class [M ] for each pair M,ΠM of irreducibles of type M. This basis is then
orthonormal with respect to the pairing 〈〈 , 〉〉A.5
In the spirit of Bott’s paper [5], let ŜR(A) denote the completion of SR(A) with respect to the
pairing 〈〈 , 〉〉A, by which we mean the additive group of formal, possibly infinite sums
(31) ŜR(A) :=
{∑
i
ai[Vi] for ai ∈ Z
}
,
where {[Vi]} is an orthonormal basis for SR(A) consisting of irreducibles. The super representation
group SR(A) lies inside its completion ŜR(A) as elements for which all but finitely many of the coef-
ficients ai vanish. Note that our pairing extends to a bilinear pairing 〈〈 , 〉〉A : ŜR(A)⊗SR(A)→ Z,
but that we cannot in general pair two elements of the completion ŜR(A). If A is a Hopf al-
gebra, then SR(A) is a unital ring, and the multiplication on SR(A) extends to a bilinear map
ŜR(A)⊗SR(A)→ ŜR(A). However, we do not in general have a product on the completion ŜR(A).
Classes in this completion ŜR(A) can be represented by infinite dimensional A-supermodules which
satisfy the following finiteness conditions: all their irreducible sub-supermodules must be finite di-
mensional, and each finite dimensional irreducible sub-supermodule appears with finite multiplicity.
5Alternatively, the pairing 〈〈〈V,W 〉〉〉A := dimHomA(V,W )0 + dimHomA(V,W )1 descends to the representation
ring R(A), but the canonical basis for R(A) is not orthonormal, as 〈〈〈Q,Q 〉〉〉A = 2 for an irreducible of type Q.
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Given a superalgebra homomorphism f : A → B, we construct a pushforward homomorphism
f∗ : ŜR(A)→ ŜR(B) which satisfies the Frobenius reciprocity law:
(32) 〈〈 [V ], f∗[W ] 〉〉A = 〈〈 f∗[V ], [W ] 〉〉B
for an A-supermodule V and a B-supermodule W . In other words, we construct f∗ as the adjoint
to the pullback f∗ with respect to the pairings 〈〈 , 〉〉. Given a class [V ] ∈ ŜR(A) in the completion,
in terms of a basis {[Wi]} for SR(B) of irreducibles, we define
(33) f∗[V ] :=
∑
i
〈〈 [V ], f∗[Wi] 〉〉A [Wi].
It follows immediately that this class f∗[V ] satisfies the Frobenius reciprocity law (32). We note
that this pushforward map is always an additive group homomorphism, not a ring homomorphism.
Remark. Our homomorphism (33) of super representation groups is based on the map used by
Bott in [5], but it can also be realized explicitly in terms of representations as the pushforward
f∗V = B ⊗A V . Indeed, if f : H → G is a homomorphism of finite groups and V is a finite
dimensional representation of H, then its pushforward f∗V = C[G]⊗C[H] V is likewise finite dimen-
sional. In such a case, the representation rings are themselves finite and thus remain unchanged
upon completion. The two versions of the pushforward then agree: [f∗V ] = f∗[V ]. In general, the
pushforward f∗V is usually infinite dimensional, even if V is finite dimensional, although these
infinite dimensional representations do satisfy the finiteness conditions necessary for them to de-
termine classes in the completed representation group. In this paper we prefer to work with finite
dimensional representations, except to mention here the case underlying [5]: If i : H →֒ G is an
inclusion of compact Lie groups, then the pushforward of a finite dimensional H-module V is
i∗V = E(G) ⊗E(H) V =
(E(G)⊗ V )H = E(G×H V ),
the space of distribution sections of the homogeneous vector bundle on G/H induced by V . We
will revisit this geometric interpretation in Section 9.
Introducing degree shifts via Clifford algebras, we obtain Z2-graded pushforward maps. When
working with twisted and degree-shifted representations of Lie superalgebras and Lie supergroups,
we likewise obtain pushforward homomorphisms
f∗ :
∗
ŜR
∗
(h)→ ∗ŜR∗(g), f∗ :
∗
ŜR
∗
(H)→ ∗ŜR∗(G)
of additive groups, induced by Lie superalgebra homomorphisms f : h → g and Lie supergroup
homomorphisms f : H → G respectively. If the homomorphism f is an inclusion, then we refer to
the corresponding pushfoward map as the induction map.
8. The Weyl-GKRS formula
Let g be a semisimple Lie algebra, and let h be a reductive Lie subalgebra with rank h = rank g.
Let i : h →֒ g denote the inclusion of this equal rank subalgebra. Let b be an ad-invariant inner
product on g, such as the Killing form, with respect to which g decomposes as the direct sum of
h and its orthogonal complement. The inner product b gives an ad∗g-invariant inner product on
the dual space g∗, with respect to which g∗ decomposes as the direct sum of h∗ and the dual to
the orthogonal complement of h in g. The inner product b then restricts to an ad∗h-invariant inner
product on h∗, which we also denote by b. Now, consider the coadjoint Lie superalgebra g ⊕ Πg∗
and its Lie sub-superalgebra h⊕Πh∗, with the inclusion denoted by j : h⊕Πh∗ → g⊕Πg∗.
TWISTED REPRESENTATION RINGS AND DIRAC INDUCTION 21
We can now consider the following diagram of maps:
(34)
SR(g)
Thomg−−−−→ bSRdim g(g⊕Πg∗)
i∗
y yj∗
SR(h)
Thomh−−−−→ bSRdimh(h⊕Πh∗)
where the horizontal maps are Thom isomorphisms as described in Section 6.1, and the vertical
maps are restriction maps as described in Section 7.1. Note that since h has maximal rank in g,
we have dim h ≡ dim g (mod 2), so the degree shifts on the right hand side of the diagram agree.
(Strictly speaking, the map on the right side is j∗ composed with the Bott periodicity isomorphism
bSRdimg(g⊕Πg∗)→ bSRdimh(g⊕Πg∗).) This diagram does not commute! In fact, we have
Theorem 6. The Lie superalgebra restriction map j∗ : bSRdimg(g ⊕ Πg∗) → bSRdimh(h ⊕ Πh∗)
pulls back via the Thom isomorphisms to a map SR(g)→ SR(h),
SR(g)
Thomg−−−−→ bSRdimg(g⊕Πg∗) j
∗ ◦Bott−−−−−→ bSRdimh(h⊕Πh∗) (Thomh)
−1
−−−−−−−→ SR(h),
which is given by
(35) [V ] ∈ SR(g) 7−→ i∗[V ] ([S0]− [S1]) ∈ SR(h),
where S = S0 ⊕ S1 is the unique irreducible Cl(g∗/h∗, b)-supermodule.
Proof. We begin with a g-supermodule V corresponding to [V ] ∈ SR(g). Under the Thom iso-
morphism, it maps to the b-twisted g⊕ Πg∗-Clifford supermodule ThomgV = V ⊗ Cl(g∗, b), with
actions (25), (26), (27). The Clifford algebra is multiplicative, factoring h-equivariantly as
(36) Cl(g∗, b) ∼= Cl(h∗, b) ⊗˜ Cl(g∗/h∗, b) ∼= Cl(h∗, b)⊗ Cl(g∗/h∗, b),
where for the second isomorphism we use the twofold periodicity of complex Clifford algebras to
change the graded tensor product into an ungraded one. Since g∗/h∗ is even dimensional, its
complex Clifford algebra is Cl(g∗/h∗, b) ∼= End(S), where S = S0 ⊕ S1 is the unique irreducible
complex Clifford supermodule up to isomorphism (see [24]). The space of endomorphisms then
decomposes as the tensor product End(S) ∼= S ⊗ S∗ with respect to the left and right actions.
Combining this with (36), we obtain
ThomgV ∼= V ⊗ Cl(h∗, b)⊗ S⊗ S∗,
where g⊕Πg∗ and Cl(dim h) act on the (V ⊗Cl(h∗)⊗ S) factors, while only Cl(dim g− dim h) acts
on the S∗ factor. Applying the Bott periodicity isomorphism eliminates the S∗ factor, and then
restricting to h⊕Πh∗, we regroup the terms to obtain:
j∗ ◦ Bott ◦Thomg(V ) ∼= (i∗V ⊗ S)⊗ Cl(h∗, b).
Undoing the last Thom isomorphism gives us
(Thomh)
−1 ◦ j∗ ◦ Bott ◦Thomg(V ) ∼= i∗V ⊗ S,
and finally, since i∗V ⊗ S = (i∗V ⊗ S0) ⊕ (i∗V ⊗ S1) is an h-supermodule, its class in the super
representation ring is that of the virtual h-module
[i∗V ⊗ S0]− [i∗V ⊗ S1] = i∗[V ]
(
[S0]− [S1]
) ∈ SR(h),
given by taking the formal direct difference of its even and odd components as in (4). 
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If V is an irreducible g-module, then its image under the map (35) was computed explicitly by
Gross, Kostant, Ramond, and Sternberg in [14]. Their formula, given in the following Theorem,
reduces to the Weyl character formula when h = t is a Cartan subalgebra. Here, we assume that we
have chosen a common Cartan subalgebra t ⊂ h ⊂ g, giving us a compatible Weyl groupsWh ⊂Wg,
and that we have chosen compatible systems of positive roots for h and g.
Theorem 7 (GKRS). If Vλ is an irreducible g-module with highest weight λ, then
[i∗Vλ ⊗ S0]− [i∗Vλ ⊗ S1] =
∑
c∈Wg/Wh
(−1)c [Uc(λ+ρg)−ρh ] ∈ Kg(pt),
where Uµ denotes the irreducible h-module with highest weight µ, the weights ρg and ρh are half the
sum of the positive roots of g and h respectively, and the representative c of each coset in Wg/Wh
is chosen so that the weight c(λ+ ρg)− ρh on the right hand side is dominant.
We also have a Lie group version of Theorem 6. Let G be a (connected) compact semisimple
Lie group with Lie algebra g, and let H, with Lie algebra h, be an equal rank Lie subgroup of
G. Let i : H →֒ G denote the inclusion. We can then construct their parity reversed cotangent
bundles, the Lie supergroups Π(T ∗G) and Π(T ∗H) with underlying even Lie groups G and H
and associated Lie superalgebras g ⊕ Πg∗ and h ⊕ Πh∗ respectively. Let j : Π(T ∗H) → Π(T ∗G)
denote the inclusion of the Lie supergroups (actually corresponding to inclusions of their underlying
even Lie groups and associated Lie superalgebras). As before, we choose an Ad∗G-invariant inner
product b on g∗, which restricts to an Ad∗H -invariant inner product on h
∗ which we also denote by
b. This gives us our twistings on the odd components. We also have twistings τG = Ad
∗ Spinc(g∗)
and τH = Ad
∗ Spinc(h∗) on the even components, constructed as in Section 6.2. The Lie group
counterpart of (34) is the non-commutative diagram:
τGSR(G)
ThomG−−−−−→ bSRdimG(Π(T ∗G))
i∗
y yj∗
τHSR(H)
ThomH−−−−−→ bSRdimH(Π(T ∗H))
and the Lie group counterpart of Theorem 6 is then:
Theorem 8. The Lie supergroup restriction map j∗ : bSRdimG
(
Π(T ∗G)
) → bSRdimH(Π(T ∗H))
pulls back via the Thom isomorphisms to a map τGSR(G)→ τHSR(H),
τGSR(G)
ThomG−−−−→ bSRdimG(Π(T ∗G)) j∗ ◦Bott−−−−−→ bSRdimH(Π(T ∗H)) (ThomH )−1−−−−−−−→ τHSR(H),
which is given by
[V ] ∈ τGSR(G) 7−→ i∗[V ] ([S0]− [S1]) ∈ τHSR(H),
where S = S0 ⊕ S1 is the unique irreducible Cl(g∗/h∗, b)-supermodule.
Remark. We note that the class of the cocycle [τG] ∈ H2(G;Z) satisfies 2[τG] = 0. So, if G is simply
connected, or if π1(G) has no 2-torsion, then the class [τG] must vanish, and we can deal with actual
G-modules rather than projective ones. Also, if H = T is a maximal torus, then H3(BT ;Z) = 0,
and thus the class [τT ] ∈ H2(T ;Z) vanishes.
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9. Dirac induction
We continue to use the notation of the previous section. Replacing the restriction maps in (34)
with induction maps, we obtain a non-commuting diagram
ŜR(g)
Thomg−−−−→ bŜRdimg(g⊕Πg∗)
i∗
x xj∗
ŜR(h)
Thomh−−−−→ bŜRdimh(h⊕Πh∗)
where the Thom isomorphisms along the top and bottom are the extensions of the Thom isomor-
phisms on the super representation rings SR to their completions ŜR.
Theorem 9. The Lie superalgebra induction map j∗ :
b
ŜR
dimh
(h⊕Πh∗)→ bŜRdimg(g⊕Πg∗) pulls
back via the Thom isomorphisms to a map ŜR(h)→ ŜR(g),
ŜR(h)
Thomh−−−−→ bŜRdimh(h⊕Πh∗) j∗ ◦Bott−−−−−→ bŜRdimg(g⊕Πg∗) (Thomg)
−1
−−−−−−−→ ŜR(g),
which is given by
(37) [U ] ∈ ŜR(h) 7−→ i∗[U ⊗ S∗0]− i∗[U ⊗ S∗1] ∈ ŜR(g),
where S = S0 ⊕ S1 is the unique irreducible Cl(g∗/h∗, b)-supermodule.
Proof. Consider classes [U ] ∈ ŜR(h) and [V ] ∈ SR(g). Applying the Thom isomorphisms, we
obtain classes Thomh[U ] ∈ ŜR(h ⊕ Πh∗) and Thomg[V ] ∈ SR(g ⊕ Πg∗). Using the pairing
ŜR⊗SR → Z, the Frobenius reciprocity law (32) gives us
〈〈 j∗ Thomh [U ], Thomg [V ] 〉〉g⊕Πg∗ = 〈〈Thomh [U ], j∗ Thomg [V ] 〉〉h⊕Πh∗.
Since the Thom isomorphisms preserve the pairing, we can perform this computation on the Lie
algebras g and h instead of their Lie superalgebra counterparts, and we obtain
〈〈 (Thomg)−1j∗ Thomh [U ], [V ] 〉〉g = 〈〈 [U ], (Thomh)−1j∗ Thomg [V ] 〉〉h.
Finally, applying Theorem 6, we have
〈〈 (Thomg)−1j∗ Thomh [U ], [V ] 〉〉g = 〈〈 [U ], i∗[V ]
(
[S0]− [S1]
) 〉〉h
= 〈〈 [U ] ([S∗0]− [S∗1]), i∗[V ] 〉〉h
= 〈〈 i∗
(
[U ⊗ S∗0]− [U ⊗ S∗1]
)
, [V ] 〉〉g.
Since (Thomg)
−1j∗Thomh[U ] ∈ ŜR(g), it is completely determined by its pairings with the classes
[Vi] of irreducibles in SR(g), and thus (Thomg)
−1j∗Thomh[U ] = i∗[U ⊗ S∗0]− i∗[U ⊗ S∗1 ]. 
We also have a version for Lie groups, which incorporates the twistings τG and τH discussed in
the last section. In the Lie group case we consider the non-commuting diagram:
τG
ŜR(G)
ThomG−−−−−→ bŜRdimG(Π(T ∗G))
i∗
x xj∗
τH
ŜR(H)
ThomH−−−−−→ bŜRdimH(Π(T ∗H))
and our theorem takes the following form:
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Theorem 10. The Lie supergroup induction map j∗ :
b
ŜR
dimH(
Π(T ∗H)
) → bŜRdimG(Π(T ∗G))
pulls back via the Thom isomorphisms to a map
τH
ŜR(H)→ τGŜR(G),
τH
ŜR(H)
ThomH−−−−−→ bŜRdimH(Π(T ∗H)) j∗ ◦Bott−−−−−→ bŜRdimG(Π(T ∗G)) (ThomG)−1−−−−−−−→ τGŜR(G)
which is given by
[U ] ∈ τHŜR(H) 7−→ i∗[U ⊗ S∗0]− i∗[U ⊗ S∗1] ∈
τG
ŜR(G),
where S = S0 ⊕ S1 is the unique irreducible Cl(g∗/h∗, b)-supermodule.
In [5], Bott defines the induction map i∗ for Lie group representations, giving a geometric in-
terpretation in terms of the index of homogeneous elliptic operators. Recall the isomorphism
R(H) → KG(G/H), which assigns to a finite dimensional H-module U the homogeneous vector
bundle G×H U over the coset space G/H. The space of L2-sections Γ(G×H U) is an infinite dimen-
sional G-module satisfying the finiteness conditions of Section 7.2, whose class in the completed
representation ring gives the induced representation:[
Γ(G×H U)
]
= i∗[H] ∈ ŜR(G).
Indeed, for each finite dimensional G-module V , we have the Frobenius reciprocity isomorphism
(38) HomG
(
Γ(G×H U), V
) ∼= HomH(U, i∗V ),
corresponding to the defining identity (32) for the induction map. In addition, it follows from the
Peter-Weyl theorem that (38) gives a complete description of Γ(G ×H U). In particular, all of its
irreducible subrepresentations are finite dimensional.
Bott’s theorem then says that the index of an elliptic homogeneous differential operator is simply
the difference of its domain and codomain, regardless of the operator itself:
Theorem 11 (Bott). Given H-modules U1 and U2, if D : Γ(G×H U1)→ Γ(G×H U2) is an elliptic
homogeneous differential operator, then its G-equivariant index is
IndexGD =
[
Γ(G×H U1)
]− [Γ(G×H U2)] = i∗([U1]− [U2]) ∈ ŜR(G),
and furthermore, the index is actually a finite element in SR(G) ⊂ ŜR(G).
In particular, if G/H is spin, we can consider the Dirac operator 6∂G/H . The tangent bundle of
G/H is T (G/H) ∼= G×H (g/h), and it follows that the spin bundle is S ∼= G×HS, which decomposes
into the two half-spin bundles S = S+ ⊕ S− given by S+ ∼= G ×H S0 and S− ∼= G ×H S1. Given
any finite dimensional H-module U , we can consider the Dirac operator with values in G×H U ,
(39) 6∂G/HU : Γ
(
G×H (S∗0 ⊗ U)
)→ Γ(G×H (S∗1 ⊗ U)).
This is an elliptic homogeneous differential operator, so applying Bott’s Theorem we obtain
(40) IndexG 6∂G/HU = i∗[U ⊗ S∗0]− i∗[U ⊗ S∗1] ∈ SR(G).
Even if G/H is not spin, when it is Spinc we can construct Dirac operators of the form (39) for
(τH − i∗τG)-twisted projective representations. Comparing the index (40) with Theorem 10, we get
Theorem 12. The Lie supergroup induction map restricts to an additive homomorphism on the
uncompleted representation groups, j∗ :
bSRdimH
(
Π(T ∗H)
)→ bSRdimG(Π(T ∗G)), which pulls back
via the Thom isomorphisms to
(ThomG)
−1 ◦ j∗ ◦ ThomH = IndexG 6∂G/H• : τH−i∗τGSR(H)→ SR(G),
the Dirac induction map.
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This Dirac induction map is related to the holomorphic induction map of the Borel-Weil-Bott
theorem, which takes an H-module U to the space of holomorphic sections of G×H U . In order to
apply holomorphic induction, the coset space G/H must be a complex homogeneous space, such
as occurs when H = T is a maximal torus in G. In contrast, Dirac induction requires only a
Spinc-structure on G/H, which is a weaker condition. On the other hand, the space of holomorphic
sections is just the degree 0 component of the Dolbeault cohomology H∗
∂¯
(G/H;U), which associates
a Z-graded G-module to each H-module U . When considering harmonic spinors, we obtain only
a Z2-graded G-module consisting of the kernel and cokernel of the Dirac operator 6∂G/HU . The G-
index (40) then recovers the Euler characteristic of the Dolbeault complex (up to a ρ-shift resulting
from tensoring with the canonical complex line bundle of G/H). Thus, the presence of a complex
structure on G/H allows us to extend the Z2-grading to a richer Z-grading.
In analogy to the Borel-Weil-Bott theorem, we can use Theorem 7 to compute the Dirac induction
map applied to the class of an irreducible H-module Uµ with highest weight λ. Using the same
notation as we developed for Theorem 7, we obtain:
Theorem 13. If Uµ is an irreducible H-module with highest weight µ, then
(ThomG)
−1 j∗ ThomH [Uµ] = IndexG 6∂G/HUµ = (−1)c
[
Vc(µ+ρH )−ρG
]
,
if there exists a Weyl group element c ∈WG such that c(µ+ ρH)− ρG is dominant, or 0 otherwise.
See [20] for a quick proof based on Theorem 7. This result is a weak version of the Borel-Weil-
Bott theorem which holds for all equal rank subgroups H ⊂ G, not just the cases where G/H
is complex. While the Borel-Weil-Bott theorem gives us an induced representation in a specific
integer degree in the Dolbeault cohomology, the representation given by Dirac induction carries
only a Z2-degree given by the sign (−1)c. Nevertheless, this Dirac induction is extremely useful in
representation theory, as it allows us to explicitly construct any finite dimensional G-module as a
space of harmonic spinors on G/H.
Remark. In [29, 30], Slebarski proved a stronger version of Theorem 13 by computing not just
the index, but in fact the kernel and cokernel of the Dirac operator for a 1-parameter family
of connections on G/H. For one particular choice of connection, referred to as the “reductive
connection” by Slebarski and constructed independently as part of the “cubic” Dirac operator by
Alekseev and Meinrenken in [1] and Kostant in [18], we find that the index lies completely in the
kernel or the cokernel, giving a vanishing theorem similar to that of the Borel-Weil-Bott theorem.
Indeed, Kostant uses his cubic Dirac operator in [19] to give an alternative proof of the Lie algebra
cohomology version of the Borel-Weil-Bott theorem.
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